Abstract-The filtered delay multiply and sum (F-DMAS) beamformer has recently been presented in the context of medical ultrasound image formation. This nonlinear beamformer produces images with improved contrast resolution and noise rejection when compared with the delay and sum (DAS) beamformer. In an attempt to better understand the origin of the improved image quality, this paper shows a theoretical study of the image amplitude statistics backed up by numerical simulations. The results show that the difference in image amplitude using the DAS or F-DMAS beamformers can be partly explained by the way signal coherence influences both beamformers. When using the F-DMAS compared with the DAS beamformer, the image amplitude is shown to be more dependent on the signal coherence. Experimental ultrasound images of a phantom confirm our findings.
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I. INTRODUCTION

I
N MEDICAL ultrasound imaging, image quality is of prime importance. It is critical for the clinicians as it contributes to establish the correct diagnosis. To create an ultrasound image, the ultrasound signals transmitted into the tissue and those received after backscattering are combined using advanced beamforming techniques. In the transmission step, the beamformer manipulates the signals transmitted by the elements of an ultrasound probe to focus, steer, and shape the sound transmitted through tissue. In the receive step, the beamformer does the opposite and delays and combines the received signals to locate the backscatterers [1] - [3] . The beamformer's properties are therefore essential for the image quality [4] , [5] . Many different beamformers leading to various image characteristics have been studied in the literature. The conventional linear delay and sum (DAS) beamformer is widely used. But some beamformers perform nonlinear operations on the element's signals. Some nonlinear beamformers use adaptive methods such as the minimum variance method [6] , [7] . Others are based on the coherence between the received signals using, for example, the generalized coherence factor or the shortlag spatial coherence [8] , [9] . The implementation of these beamformers or the characteristics of the image they produce have been extensively studied [10] - [13] . Manuscript In this paper, we propose to study in greater details one of these nonlinear beamformers: the filtered delay multiply and sum (F-DMAS) beamformer. The F-DMAS beamformer has recently been presented in the field of ultrasound image formation [14] - [16] , and it differs from the conventional DAS beamformer in that instead of coherently summing the RF signals from each element after properly delaying them, the F-DMAS algorithm involves a pairwise multiplication of the signal before summing them. This operation creates an "artificial second harmonic" signal and presents advantageous features such as improved contrast resolution and noise rejection in the final image. Several hypotheses have been formulated in [14] , to explain the apparent enhanced image quality obtained with the F-DMAS beamformer. Next to an improvement in lateral resolution, the sensitivity of the F-DMAS beamformer to signal coherence has been mentioned. Our goal is to provide a better understanding of the properties of the F-DMAS beamformer by shedding light on the underlying reasons for its performance. In this paper, we study theoretically and compare the statistics of the signals generated by the DAS and F-DMAS beamformers. In doing so, we attempt to show that the signal amplitude in the final image varies differently with the signal coherence using the DAS and F-DMAS beamformers. Part of the results shown in this paper have already been presented in the conference proceedings [17] . This includes Sections IV-B and VI-B, and part of Figs. 1, 4, and 5. Compared to [17] , this paper includes a theoretical analysis of the speckle statistics, numerical simulations using Field II, and a deeper analysis of the influence of correlation between element signals and image amplitude variations.
We first present a theoretical study of the signal statistics obtained in the case of homogeneous background speckle with both beamformers. The theoretical results obtained are then illustrated through numerical simulations using Field II [18] , [19] and synthetic signals. Finally, the findings are confirmed experimentally through ultrasound imaging of a tissue mimicking phantom, before all the results are discussed.
II. F-DMAS BEAMFORMER
The DAS beamformer consists of summing the delayed signals received by each element composing the receiver probe. If the delayed signals received by each element i at time t are noted s i (t), the signal generated by the DAS beamformer is
where N is the number of elements.
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The F-DMAS beamformer applies the same delay to each received signal as the DAS beamformer, but involves a pairwise multiplication and a square root operation before summation so that the generated signal is
This nonlinear operation creates a signal at the second harmonic frequency 2 f 0 ( f 0 is the transmitted pulse center frequency) around which the F-DMAS output is filtered. Both signals y DAS and y F-DMAS are functions of time but for notation simplicity their time dependence is omitted.
From (2), it is clear that a scaling of the signals s i and s j by a factor A implies a scaling of the signal y F-DMAS by the same factor. The relative scattering strength of two comparable homogeneous media is, therefore, properly represented (as with the DAS beamformer). This means that if two images are generated from two collections of scatterers whose backscattering strength vary, for instance, by 10 dB, the mean amplitude of both images scales with the same amount. In practice, however, the coherence of signals reflected by targets within the imaged scene varies due to the nature of the targets but also to their positions within the transmitted beam. It is therefore interesting to study the variations of the image amplitude as the coherence between received signals changes. We intend to show that these variations with signal coherence are different when using the DAS or F-DMAS beamformers leading to different image amplitude distributions. The signal statistics obtained with the DAS and F-DMAS beamformers are also different. In Section III, we study them theoretically for a homogeneous speckle background.
III. THEORETICAL SIGNAL STATISTICS
We consider the case of a homogeneous speckle background leading to a normal distribution for the signals recorded by each transducer element. All the element signals have a mean μ = 0 and standard deviation σ .
A. Mean and Variance of y DAS
The signal obtained by the DAS beamformer y DAS is a sum of N variables and has a normal distribution. Its mean and variance are
where CV(s i , s j ) and ρ(s i , s j ) designate the covariance and the correlation coefficient between signals s i and s j , respectively, and the last sum extends from 1 to N over both indices. In the previous expression and subsequent derivations, we often use the relation
The Hilbert transform of y DAS , H (y DAS ) also has the same distribution, and the signal envelope env DAS = |y DAS + j H (y DAS )| has a Rayleigh distribution [20] . Its mean and variance are
B. Mean and Variance of y F-DMAS
In the case of the F-DMAS beamformer, (2) can also be written as
with v i = sign(s i )(|s i |) 1/2 . We therefore first establish the probability density function (pdf) of the signal v i , when s i is normally distributed with the pdf
By definition of the pdf, we have
Using the variable change u = √ |τ |, the previous expression can be integrated to give the following expression for the pdf of v i :
Since the pdf is an even function, the mean of v i is zero:
Let us now establish the mean and variance of the signal v i v j involved in the sum of the F-DMAS beamformer
and
Noticing that
Combining (16)- (18) into the expression for
The signal y F-DMAS is formed by summing the signals v i v j . Since both the mean and variance of v i v j are proportional to σ and σ 2 , respectively, the mean and variance of y F-DMAS will also be proportional to σ and σ 2 , respectively.
Unlike the signal y DAS obtained by the DAS beamformer whose variance is proportional to the correlation coefficient between the s i signals, the y F-DMAS signal has a variance depending on the correlation coefficients between the v i signals, between the |s i | signals, and between the v i v j products. It is not obvious how these three correlation coefficients relate to those of the s i signals. In addition, the time filtering of the signal around twice the transmitted frequency involved in the F-DMAS beamformer influences the signal statistics. It shifts the signal mean to zero but its effect on the amplitude distribution is harder to predict. The presented simulations on synthetic signals without filtering and on ultrasound mimicking signals with filtering give an insight on this point.
Two cases of interest are easier to analyze. One is the case of identical signals completely correlated, i.e., ρ(s i , s j ) = 1. The other is the case of completely decorrelated signal, i.e., ρ(s i , s j ) = δ i j , where δ i j is the Kronecker delta. In the following, we try to estimate V 1 (y DAS ), V 1 (y F-DMAS ) and V 0 (y DAS ), V 0 (y F-DMAS ), the variances of y DAS and y F-DMAS in the case of identical and completely decorrelated signals, respectively.
In the case of identical signals, we have
leading to
In the case of independent signals, we have ρ(s i , s j ) = δ i j .
Since |s i | and v i can be seen as functions of s i , they are independent and ρ(|s i |,
The products v i v j are also independent for different (i, j ) pairs. Using (6) and (19), we get
To illustrate the previous results and better understand the influence of correlation between signals on the image amplitude, we conduct numerical simulations and experimental measurements on an ultrasound phantom.
IV. METHODS
A. Field II Simulations of a Homogeneous Speckle Phantom
We first illustrate the influence of the F-DMAS beamformer on the image amplitude statistics in the simple case of a homogeneous background speckle.
An image of a homogeneous background speckle is simulated using Field II [18] , [19] . The scatterer distribution is composed of 300 000 points uniformly distributed in the zeroelevation plane. Scatterers are spread in an 80 mm × 14 mm area centered at (x, y, z) = (0, 0, 40) mm. The amplitude of the point scatterers is a random signal normally distributed with zero mean and standard deviation σ = 1.
The transducer used as a transmitter and receiver is a linear array composed of 128 elements and positioned at 0-mm depth. The transmitted pulse is a two-and-a-half-period long sine wave with center frequency 3.5 MHz weighted by a Gaussian window leading to a relative bandwidth of 65%. The element width is 0.22 mm corresponding to half a wavelength at 3.5 MHz and the height and kerf are 5 and 0.05 mm, respectively, resulting in an aperture of dimension 5 mm × 34.5 mm. A total of 96 beams, each using 32 consecutive elements weighted with a Hann window are transmitted with focus situated at 40 mm in depth and at the aperture center in azimuth. The receiver aperture consists of all 128 elements with uniform weighting. The final reconstructed image is 26.4 mm wide and covers a depth range from 35 to 45 mm.
The received data are beamformed using the UltraSound ToolBox [22] with the DAS and F-DMAS beamformers. As mentioned earlier, the F-DMAS beamformer involves bandpass filtering of the signals around the second-harmonic frequency after multiplication and summation. The statistics of the obtained images before and after signal envelope detection are analyzed using MATLAB (Mathworks, Natick, MA, USA) and compared with the theoretical results.
B. Numerical Simulations on Synthetic Signals
Equations (21)- (24) show that the variance of y DAS is multiplied by a factor N between the case of completely decorrelated signals and the case of completely correlated signals. The variance of y F-DMAS in comparison is multiplied by a factor (N(N − 1)/2)((π/2) − 1). To get a deeper understanding of the influence of intersignal correlation on the image amplitude obtained with the DAS or F-DMAS beamformers, we conduct numerical simulations on synthetic random signals.
The van Cittert-Zernike theorem explains why the signals backscattered by a field of random arrangement of small particles can be correlated [23] . In the case of a focused transmitted beam, the spatial covariance in the focal plane is proportional to the aperture autocorrelation function. Because the F-DMAS algorithm is close to the aperture autocorrelation function [14] , [16] , it is natural to assume that the image amplitude is strongly linked to the signal coherence. To study this effect using MATLAB, we define 128 random signals s i built as a weighted sum of 255 incoherent and normally distributed random signals u i . Each signal contains 100 000 values with zero mean and standard deviation σ = 1.
Signal coherence is achieved by building the signals
where M = 255, and w k are the weights that are circularly shifted for each index i as
The weights w i are scaled, so that the sum of their squares is one guaranteeing that all signals s i also have a zero mean and a standard deviation σ = 1. The 128 s i signals are meant to represent signals coming from each element of an ultrasound probe and processed using the DAS and F-DMAS beamformers. Signals from elements close to each other are more correlated than signals from more distant elements [16] . By varying the weights, the signal correlation over the aperture elements can be varied. Eight sets of weights are used where the first set corresponds to independent signals, whereas the last set corresponds to the identical signals entirely correlated. In practice, varying degrees of signal correlation can be a result of spatial properties of the target, but also depends on the spatial coherence of the transmitted beam. Backscattered signals coming from the focal depth of a focused beam are more correlated than signals coming from a shallower depth or when using a focused beam instead of a plane wave sonication as illustrated in [16] . Fig. 1 shows the sets of weights used and the corresponding spatial correlation function defined as [23] 
at lag m. The signals y DAS and y F-DMAS are formed summing and multiplying the signals according to (1) and (2), respectively. The variations of the signal mean before and after envelope detection, as well as the signal-to-noise ratio (SNR) are studied as a function of the correlation coefficients between signals.
V. PHANTOM EXPERIMENTS
An ultrasound image of a CIRS phantom 054 GS (CIRS, Norfolk, VA, USA) is acquired using an L7-4 linear array of center frequency 5.2 MHz and a Verasonics Vantage research scanner (Verasonics Inc., Redmond, WA, USA). The image is acquired using 128 beams transmitted by 32 elements, focused at 30-mm depth, and spanning the width of the probe. The image is beamformed using the UltraSound ToolBox [22] with a conventional DAS beamformer and the F-DMAS beamformer.
To examine the backscattered intensities around coherent wire targets, we study the images intensity along a horizontal line at a depth of 29 mm for the images obtained with both the beamformers. At this depth, three wire targets are situated close to each other and three others are placed with a larger separation. Two rows of scatterers with large separation are present around this depth, and we investigate the shallower ones. We also study the coherence factor obtained along the same line. Details about the computation of the coherence factor can be found in [8] and [24] . Briefly, it can be seen as the ratio of the energy when summing the received signals over the sum of each signal's energy. It is worth noticing that we do not study the image obtained by the DAS beamformer weighted by the coherence factor but the coherence factor alone. The coherence factor is not representative of the signal amplitude.
VI. RESULTS
A. Field II Simulations of a Homogeneous Speckle Phantom
The images obtained from the Field II simulations are shown in Fig. 2 . Studying the statistics of the beamformed signals before and after envelope detection, we obtain the statistical distribution shown in Fig. 3 for both the beamformers. The statistics for the signals obtained by the F-DMAS beamformer are computed after filtering of the signal around the second-harmonic frequency that explains the zero mean before envelope detection.
The theoretical pdfs for a normal and Rayleigh distribution are overlaid in Fig. 3 (red solid line) on the corresponding amplitude distribution. The SNR is defined as the ratio μ/σ , where μ and σ designate the mean and standard deviation, respectively. The DAS beamformer leads to an SNR equal to 1.908 which is very close to the theoretical value of 1.91 for a Rayleigh distribution [from (8) and (9)]. The SNR in the case of the F-DMAS beamformer is lower and equal to 1.102. It is worth noticing that the statistics of the envelope signal are computed after normalization by the signals maximum which scales the signal mean accordingly.
B. Numerical Simulations on Synthetic Signals
For each set of weights used in the numerical simulation, the variance of y DAS and y F-DMAS , the mean of env DAS and env F-DMAS , as well as the SNR are shown in Fig. 4 for both the beamformers. The signals env DAS and env F-DMAS correspond to the amplitude displayed in a line of an image. Fig. 4 shows that the variance of y F-DMAS increases by a larger factor than the variance of y DAS when the correlation between the s i signals increases. For identical signals, i.e., (
Those values compare well with the theoretical values from (21) and (22), 16 384 and 2.4006 × 10 7 , respectively. Likewise, for decorrelated signals, i.e., (
09, the results of the numerical simulations give for the variances V 0 (y DAS ) = 128 and V 0 (y F-DMAS ) = 5106 to be compared with the theoretical values from (23) and (24), 128 and 5174, respectively.
The SNR shown in Fig. 4 is constant for env DAS and very close to 1.91 as predicted by a Rayleigh distribution, whereas it is not constant for env F-DMAS . Note that this SNR might differ slightly from the SNR measured in an image created by the F-DMAS due to the filtering around 2 f 0 that scales the signal mean μ. 
C. Phantom Experiments
The phantom images obtained with the DAS and F-DMAS beamformers are shown in Fig. 5 , and the image level along a horizontal line at a depth around 29 mm for the two images is shown in Fig. 6 together with the coherence factor along the same line. Fig. 6 shows that the signal amplitudes are very similar for both the beamformers at the location of the wire targets, but between the wire targets the signal amplitude is about 10 dB lower when using the F-DMAS beamformer. This can be explained by the lower coherence of the element signals between the wire targets as shown by the large dip in the coherence factor value in this area where both speckle and wire targets contribute to the signal. In the transition region between wire targets and homogeneous background speckle (2 ≤ x ≤ 4 mm), the signal amplitude is around 5 dB lower for the F-DMAS beamformer. Far away from the wire targets (x ≤ 0 mm), both the beamformers give comparable signal amplitude for the largest values (around −35 dB) and the lowest values are about 10 dB lower using the F-DMAS beamformer illustrating the "grainier" image aspect in this case. The signal amplitude obtained by the F-DMAS beamformer follows closely the coherence factor values.
VII. DISCUSSION
From the previous theoretical analysis and numerical simulations, we conclude that image amplitude statistics differ when using the DAS or the F-DMAS beamformers.
As expected, the amplitude distribution shown in Fig. 3 for the signals obtained by the DAS beamformer corresponds to a normal and Rayleigh distribution before and after envelope detection, respectively. The statistics for the signals obtained with the F-DMAS beamformer, however, deviate from a normal and Rayleigh distribution before and after envelope detection, respectively. The SNR is also lower than when using the DAS beamformer.
The correlation between element signals affects also differently the amplitude of the final image obtained by each beamformer as shown in Fig. 4 . More precisely, the F-DMAS beamformer produces a lower signal amplitude compared with the DAS beamformer, as the element signal correlation decreases. For env DAS , it is clear that the mean is proportional to ( (9), whereas there is no such property for env F-DMAS . When increasing the decorrelation between element signals, the mean of env F-DMAS decreases faster than the mean of env DAS . This translates into a lower image amplitude for the scattering area with lower coherence using F-DMAS compared with DAS. In that sense, the F-DMAS beamformer is more "sensitive" to signal coherence than the DAS beamformer. This property translates into lower signal amplitude for less coherent targets and better clutter and noise rejection.
It is interesting to note that the simulations show an increase in the mean of env DAS by a factor √ N ≈ 11.3 between completely decorrelated and identical s i signals as predicted by (8) . Likewise, V (y F-DMAS ) increases by a factor 4687 which is close to what (22) and (24) predict
However, the mean of env F-DMAS increases by a factor 104 which differs from the increase in the standard deviation, √ 4687 ≈ 68. This tends to indicate that the mean of the envelope signal env F-DMAS is not exactly proportional to the standard deviation of the signal y F-DMAS , as is the case for the DAS beamformer. Indeed as the signals y F-DMAS and its Hilbert transform do not have a normal distribution, the mean of env F-DMAS cannot easily be linked to V (y F-DMAS ).
The higher sensitivity of the F-DMAS beamformer to signal coherence can be explained by the formulation of the F-DMAS processing [14] . It is similar to the computation of the aperture autocorrelation function. As a consequence, the F-DMAS beamformer produces a lower image amplitude at the edges of coherent targets. When the transmitted beam sonicates both coherent targets and incoherent speckle background, the F-DMAS beamformer outputs a lower image amplitude than the DAS beamformer. This is well illustrated by Fig. 6 when comparing signal amplitudes between the wire targets. This effect contributes to the improved contrast ratio produced by the F-DMAS beamformer [14] .
Another illustration of the larger sensitivity of the F-DMAS beamformer to signal coherence can be seen in Fig. 6 in the transition region between wire targets and homogeneous background speckle (2 ≤ x ≤ 4 mm). In this case, the improved lateral resolution alone provided by the F-DMAS beamformer cannot explain a signal level around −5 dB lower than that obtained for x ≤ 0. This effect was named the "dark region artifact" and discussed in [25] . This unwanted artifact appears in the form of a region surrounding coherent targets which appears darker than the rest of the speckle. Another example of it can be seen in our case to the left and right of the wire target situated at 40-mm depth.
The F-DMAS beamformer also affects the speckle that appears darker and has a grainier texture than when using the DAS beamformer which could alter tissue interpretation by clinicians. Away from the focal depth, especially in the near field, the coherence of the transmitted beam is lower and this leads to darker regions as shown in Fig. 5 . This phenomenon is also due to the increased sensitivity to signal coherence of the F-DMAS beamformer. At these depths, the lower signal coherence does not come from the nature of the target (background speckle). It is due to the transmitted beam that is much less focused and sonicates a much larger area than at 30 mm depth. Matrone et al. [14] mention that this particular feature can be compensated for by a depth-dependent gain. However, since the variations of the image amplitude obtained with the F-DMAS beamformer are not linear with signal coherence as shown in Fig. 4 , the comparison between image characteristics obtained with the DAS and F-DMAS beamformers at shallow depths should not be exactly the same as that done at focal depth. One proposed way to mitigate the loss of signal coherence away from focus is using synthetic aperture focusing [16] .
Finally, Fig. 6 shows that the image amplitude obtained with the F-DMAS beamformer follows closely the variations from the coherence factor while still being representative of the image amplitude obtained with the DAS beamformer. In that sense, we can say that the F-DMAS beamformer is an intermediate between the DAS beamformer and the coherence factor.
VIII. CONCLUSION
Our theoretical study and numerical simulations comparing the speckle statistics from the DAS and F-DMAS beamformers show a different behavior of the computed signals with element signal coherence. The F-DMAS beamformer appears to have a higher sensitivity to the signal coherence. As the coherence between the signals recorded by the aperture elements drops, the output amplitude of the F-DMAS beamformer drops more than that of the DAS beamformer. This feature contributes to improving the contrast ratio and the delineation of coherent structures using the F-DMAS beamformer.
With an improved image quality, the F-DMAS beamformer also brings some side effects such as a grainier appearance of the speckle or the appearance of a dark region around coherent targets which could be a concern for image interpretation by clinicians.
Even though the more coherent targets appear brighter and the less coherent speckle appears darker using the F-DMAS beamformer, the image is not a simple scaling of the image obtained with the DAS beamformer. Being largely influenced by the signal coherence, the F-DMAS beamformer appears as an intermediate between the DAS beamformer and beamformers using coherence factor weighting.
